Non-equilibrium thermodynamics provides a general framework for the description of mass and thermal diffusion, thereby including also cross-thermal and material diffusion effects, which are generally modeled through the Onsager coupling terms within the constitutive equations relating heat and mass flux to the gradients of temperature and chemical potential. These so-called Soret and Dufour coefficients are not uniquely defined, though, as they can be derived by adopting one of the several constitutive relations satisfying the principles of non-equilibrium thermodynamics. Therefore, mass diffusion induced by a temperature gradient and heat conduction induced by a composition gradient can be implicitly, and unexpectedly, predicted even in the absence of coupling terms. This study presents a critical analysis of different formulations of the constitutive relations, with special focus on regular binary mixtures. It is shown that, among the different formulations presented, the one which adopts the chemical potential gradient at constant temperature as the driving force for mass diffusion allows for the implicit thermo-diffusion effect to be strictly absent while the resulting Dufour effect is negligibly small. Such a formulation must be preferred to the other ones since cross-coupling effects are predicted only if explicitly introduced via Onsager coupling coefficients.
Introduction
Mass diffusion and heat conduction are central phenomena in many subjects of physics and engineering, including evaporation [1, 2] , phase separation [3, 4] , distillation [5] , drying [6] , and many other applications and processes. Mass diffusion deals with the transport of chemical species, typically (but not necessarily) from regions of high concentration to regions of low concentration until chemical equilibrium is reached with uniform chemical potentials. Heat conduction refers to how internal energy is transferred within a medium to establish thermal equilibrium, typically moving from high temperature to low temperature.
The most simplistic phenomenological constitutive equations for mass and heat transfer, namely, Fick and Fourier laws, provide a linear relationship between fluxes and driving forces, or more specifically, between mass flux and concentration gradient for mass transfer and between heat flux and temperature gradient for heat transfer [7] . Due to such a similar mathematical formulation, the term "diffusion" is used to refer to both mass diffusion and thermal diffusion (i. e., heat conduction) [7] .
The genesis of such constitutive diffusion equations, which were originally formulated based on empirical arguments, can be systematized through non-equilibrium thermodynamics [8] [9] [10] . In particular, nonequilibrium thermodynamics provides a general framework for the mesoscopic description of irreversible phenomena, such as (but not limited to) mass and thermal diffusion. As recalled later on in the paper, the constitutive equations of mass and thermal diffusion emerge naturally (but not univocally) from the entropy formulation of the second law of thermodynamics [8] [9] [10] [11] . More specifically, according to the entropy produc-tion formulation, the mass diffusion flux is driven by a negative gradient of chemical potential divided by temperature (i. e., −∇ (μ/T)) while the thermal diffusion flux is driven by a gradient of inverse temperature (i. e., ∇ (1/T) or equivalently −∇T/T 2 ). In addition, non-equilibrium thermodynamics provides the physical foundation to explain additional cross-coupled phenomena, such as thermo-diffusion (or the Soret effect), which describes how a temperature gradient establishes a mass diffusion flux, and the Dufour effect, which refers to the heat flux generated by a concentration gradient in isothermal conditions [8, 12] . Using Onsager reciprocity relations [13, 14] , it can be shown that such cross-coupled phenomena and the corresponding diffusion coefficients are strictly related to one another. For example, if the Soret thermo-diffusion coefficient is known, the Dufour coefficient can be readily determined and vice versa [8, 9] .
Quite often cross-coupling Soret and Dufour diffusions are negligible and, when thermal and mass diffusions are simulated, one may want to disregard cross-coupling effects completely. More importantly, it is necessary to ensure that the constitutive equations of mass and thermal diffusion do not implicitly include cross-coupling effects so that, in case the modeler wants to include Soret and Dufour diffusions, they must be explicitly introduced in the transport equations through the Onsager coupling coefficients. Unfortunately, not all the formulations of non-equilibrium thermodynamics give constitutive equations which are free from implicit cross-coupling effects. Therefore, it may happen that while one believes to have excluded Soret and Dufour diffusions by setting to zero the Onsager cross-coupling coefficients, the constitutive equations of mass and thermal diffusion may give rise to thermo-diffusion or Dufour diffusion phenomena in an unexpected and uncorrelated way. As further elaborated later on in this study, the key point lies in how the driving force of mass diffusion, which is the gradient of the ratio between chemical potential and temperature (i. e., −∇ (μ/T)), is treated in the non-equilibrium thermodynamics formulation because it clearly depends on temperature as well as on concentration gradients, so that thermal and mass diffusions are intertwined with each other.
In this paper we report a critical analysis of the different formulations of the constitutive equations of mass and thermal diffusion according to non-equilibrium thermodynamics, highlighting which formulations avoid, or at least minimize, implicit cross-coupling effects. Notably, the study does not address the validity of the different formulations, that is, which one describes reality more accurately; rather, the paper compares different formulations to elucidate in which cases cross-coupling effects implicitly arise from the constitutive relations. As a simple benchmark scenario to show potential cross-coupling effects arising from deviations from ideality, incompressible binary regular mixtures are considered. After recalling the basics of nonequilibrium thermodynamics (Sections 2 and 3) and after introducing incompressible regular binary mixtures (Section 4), two alternative constitutive relations of mass and thermal diffusion that satisfy all these conditions are presented and critically compared in Sections 5 and 6, along with a counterexample in Section 7. Finally, in Section 8 a few conclusions are summarized.
Entropy equation in non-equilibrium thermodynamics
First, let us summarize a few fundamental results of non-equilibrium thermodynamics. Details about the derivation of these equations can be found in Chapter III of De Groot and Mazur [8] or Chapter 7 of Mauri [9] .
Consider an incompressible and non-reactive binary mixture, whose pure components have the same molar volume. The local equilibrium hypothesis (for a comprehensive description, see, for example, Section 1.1 of Mauri [9] ) is assumed to hold, so that the thermodynamic state of the mixture is determined once its molar internal energy, u, and the molar fraction of component 1, ϕ, are known. Assuming that the mixture is very viscous, so that convection and momentum conservation are negligible, the relevant balance equations are the equations of conservation of internal energy and chemical species [7] [8] [9] , i. e.,
where ρ is the mixture molar density (which is constant), t is time, q is the source of internal energy per unit volume (generally referred to as heat source), and, according to the local equilibrium hypothesis, J q is the diffusive flux of internal energy (i. e., the heat flux) while J ϕ is the diffusive material flux. Imposing that the total energy is conserved (i. e., the total energy source is zero) we find that q = −J ϕ ⋅ ∇ψ 12 [8, 9, 15] (see, in particular, eq. (7.43) in Mauri [9] ), with ψ 12 = ψ 1 − ψ 2 , where ψ k is the potential acting on component k. Such a potential ψ k is defined to express any conservative body force (per unit mole) F exerted on the mixture (see Section 7.4 in Mauri [9] ) as
where we defined p ὔ = −ψ 2 . Here, the ∇p ὔ term can be omitted since any force that can be represented as the gradient of a scalar can be reabsorbed within the pressure term, and here it has no effect since the mixture is incompressible (see the second footnote in Lamorgese et al. [15] ). An example of potential ψ k of a conservative force field is reported in the appendix. Now, we substitute eq. (1) into the Gibbs relation, which is
where T is the temperature, P is the pressure, s is the mixture entropy per unit mole, and we recall that the mixture density ρ is constant. Notably, according to the local equilibrium hypothesis, in each material point there is only one temperature and one pressure for both components. Here μ 12 = μ 1 − μ 2 is the chemical potential difference, where μ k is the thermodynamic chemical potential of the k-th component, defined as the molar free energy associated with the k-th component within the mixture [16] . At the end, we find that the entropy production σ (S) (i. e., the entropy generated per unit time and volume) can be expressed as the sum of the products between fluxes J q , J ϕ and (thermodynamic) forces −∇T/T 2 ; − (∇ (μ 12 /T) + ∇ψ 12 /T) , that is (see eq. (III-21) in De Groot and Mazur [8] or eq. (7.66) in Mauri [9] ),
At this point, the constitutive relations that are consistent with the principles of non-equilibrium thermodynamics are based upon linear dependences, via coefficients L ij , between forces and fluxes, subjected to the Onsager reciprocity relations [13, 14] . Therefore, we have
with Onsager reciprocity relation L ϕq = L qϕ .
Chemical potential gradient and Onsager symmetry relations
Alternative formulations of eqs. (3) and (4) can be obtained by applying simple mathematical relations to the variables ϕ and T. According to the derivative product rule,
eq. (3) can be rewritten as
Therefore, the linear relations between fluxes and forces become (note the prime superscript in coefficients L ὔ ij )
where, comparing eqs. (7a) and (7b) with eq. (4), we have
From L ϕq = L qϕ we see that L ὔ ϕq = L ὔ qϕ , so Onsager reciprocity relation continues to hold. Also, considering that the gradient of the chemical potential difference μ 12 , which is a function of composition ϕ and temperature T, can be split into two terms, i. e.,
with [∇μ 12 ] T = μ 12 ϕ T ∇ϕ, and defining the partial molar entropy difference s 12 and the partial molar enthalpy differences h 12 ,
eq. (6) can be rewritten as
with fluxes (note the double prime superscript in coefficients L ὔὔ ij )
where
From L ϕq = L qϕ we see that L ὔὔ ϕq = L ὔὔ qϕ , thus Onsager reciprocity relation holds for eq. (12) too. Thus, at least three different formulations of fluxes and driving forces (i. e., eqs. (4), (7) , and (12)) which satisfy Onsager reciprocity relation and entropy production principle can be obtained by rearranging the chemical potential term μ 12 /T via basic mathematical relations as in eqs. (5) and (9) . Note that all three formulations are interchangeable as long as all terms are considered. After a focus on regular binary mixtures in the next section, these formulations are critically analyzed and compared in detail in Sections 5-7 to highlight whether they give rise to implicit cross-coupling effects or even unphysical predictions when coupling terms are omitted.
Regular, incompressible, and symmetric binary mixtures
Many liquid mixtures, such as acetone-hexadecane and benzene-cyclohexane [16] , are well approximated as regular mixtures. Using Hildebrand's taxonomy [17, 18] , a regular binary mixture is composed of two species of similar size and energies of interaction, so that the excess volume and the excess entropy are both equal to zero [16] . Thus, regular mixtures represent a well-defined, simple, and widely applicable benchmark scenario to account for potential cross-coupling effects. Notable results already reported in thermodynamic textbooks (e. g., Chapters 7 and 8 of Sandler [16] ) are recalled and elaborated here.
Assuming the mixture to be symmetric around the composition ϕ = 0.5, i. e., invariant upon interchanging its two components, all thermodynamic properties can be determined through van Laar's single parameter theory (independent of pressure P as the mixture is incompressible), which is based on the following expression of the Gibbs molar free energy g:
where R is the universal gas constant while Ψ is a temperature-dependent parameter expressing the nonideality of the mixture. The form of Gibbs molar free energy in eq. (14a) is valid within the whole range of compositions from ϕ = 0 to ϕ = 1, approaching g 0 = g 1 = g 2 , which is the molar free energy of pure components 1 and 2 (assumed to be equal), at the extremes. Notably, having only a single parameter, Ψ, to describe mixture non-ideality simplifies all the following derivations without undermining the general implications of the study. Considering that dg] T = μ 12 dϕ, recalling that μ 12 = μ 1 − μ 2 is the chemical potential difference, we obtain
Note that the Gibbs free energy and the chemical potentials are expressed as the sum of an ideal and a non-ideal, so-called, excess, part (denoted with the superscript E), where the latter are
We see that the parameter Ψ expresses the non-ideality of the mixture. In particular, from the stability condition d 2 g/dϕ 2 > 0, we find that the mixture does not de-mix, forming two coexisting phases, as long as Ψ < 2; therefore, Ψ = 2 defines a critical condition when the temperature equals the critical temperature T c , that is, for T = T c [16] . Now, in regular mixtures the excess entropy s E and the excess volume v E are equal to zero [16, 18] . Considering that s E = − g E / T, the first condition implies that RTΨ must be independent of T, that is, Ψ ∝ T −1 , and since Ψ (T c ) = 2 we find Ψ = 2T c /T [16] . The second condition, stating that in regular mixtures the excess volume is zero, is identically satisfied, since the liquid mixture is assumed to be incompressible, so that g is not a function of P, i. e., v E = g E / P = 0. Excess enthalpy h E , on the contrary, is not zero, unlike in ideal mixtures, as one can easily see considering that h E = g E − Ts E = g E , so that the mixture molar enthalpy h is
where h 0 is the molar enthalpy of pure components 1 and 2 (assumed to be equal) and therefore corresponds to the ideal part of the enthalpy. Similarly, we can find the partial molar enthalpy,h 12 = dh/dϕ, yielding h 12 = μ E 12 . This result could also be obtained from
Finally, from u = h − P/ρ we obtain u (T, ϕ) = u 0 (T) + RTΨϕ (1 − ϕ) , where u 0 = h 0 − P/ρ. Therefore, considering that RTΨ is a constant, we see that the specific heat c of an incompressible symmetric regular mixture is equal to the specific heat of the two pure components (c 0 ) and does not depend on the composition ϕ, i. e.,
These thermodynamic properties of regular incompressible binary mixtures are used in the next sections to get explicit expressions of mass and heat diffusion flux as a function of the field variables, i. e., molar fraction ϕ and temperature T, for different choices of the constitutive relations.
Constitutive relations 1
Assume the following constitutive relations (CR1), obtained from eq. (4) in the absence of coupling terms (i. e., L ϕq = L qϕ = 0):
where we define D as the mass diffusion coefficient and k as the thermal conduction coefficient. These two transport coefficients are defined here and, comparing eq. (17) with eq. (4), we see that CR1 are consistent with the principles of non-equilibrium thermodynamics, with
Notably, in this first formulation the mass diffusion flux J ϕ is taken proportional to the gradient of μ 12 /T as it is, while the heat diffusion flux J q follows the typical Fourier law of heat conduction (as in Section 9.1 of Bird et al. [7] ). In addition, note that coupling terms are set to zero (L ϕq = L qϕ = 0), so that we want to exclude any explicit cross-coupling effects. Now assume [19] 
so that in the dilute limit (i. e., when ϕ → 0 or ϕ → 1) and for ideal mixtures (i. e., when Ψ = 0) we obtain Fick law with a concentration-independent diffusion coefficient D 0 (see below). We stress here that recovering Fick law in the dilute limit for ideal mixtures is a necessary requirement to assess the validity of any mass diffusion flux expression: the specific form of D in eq. (19) is chosen accordingly as discussed in detail by Mauri et al. [19] .
In the case of incompressible, regular binary mixtures, invariant upon interchanging the two components, from eq. (14b) we have
Here, Ψ = 2T c /T, so that −T dΨ dT = Ψ; therefore, in the absence of any external field, i. e., when ψ 12 = 0, the material flux due to CR1 is
Thus, the constitutive relations eq. (17) can be rewritten as
where we define effective mass and thermal diffusion coefficients D ὔ and D ὔ T as follows:
Mathematically speaking, CR1 in eq. (21) express the fluxes (i. e., J ϕ and J q ) as a function of the mixture field variables (i. e., ϕ and T) for a given set of material parameters (i. e., ρ, D 0 , k, and Ψ).
Therefore, the constitutive relations CR1 in eq. (4), which consider the gradient of μ 12 /T as the driving force for mass diffusion, predict that, even in the absence of coupling terms (i. e., L ϕq = L qϕ = 0), a temperature gradient, applied to an otherwise uniform regular binary mixture symmetric around composition ϕ = 0.5, induces a material flux. This effect, called thermal diffusion, is described by the Soret non-dimensional coefficient S T , defined as [12, [20] [21] [22] 
Notably, the constitutive equation eq. (17) can also be interpreted in the formulation of eq. (12) with
which shows that an implicit cross-coupling is introduced by CR1. A close inspection of CR1 indicates that, according to eq. (21b), at steady state and with no heat flux, i. e., when J q = 0, CR1 strictly predict that the temperature field is uniform, as desired. For ideal mixtures, when Ψ = 0, CR1 also predict that there is no Soret effect, i. e., D ὔ T = 0, as it must be. The same result is obtained when ϕ = 1/2. In addition, in the dilute limit, when ϕ → 0 or ϕ → 1, we find D ὔ = D 0 , which is the aforementioned Fick law, which must necessarily be approached in the dilute limit. However, even in the dilute limit ϕ → 0, eq. (22) yields D ὔ T = −D 0 Ψ (note the negative sign), predicting that, in regular binary mixtures, a uniformly distributed dilute solute tends to diffuse from cold to hot regions (negative thermodiffusion) for Ψ > 0. This is clearly represented in Figure 1 , which shows the results of the numerical simulation of a viscous binary mixture with average molar fraction ϕ = 0.3, contained within a slab, under different temperature gradients. By solving for eqs. (21) and (22), corresponding to CR1, the molar fraction profile at steady-state increases from the cold wall on the left to the hot wall on the right, thus indicating a negative thermo-diffusion process leading to mass diffusion from low to high temperature. The resulting thermo-diffusion-driven concentration gradient can be significant, predicting Δϕ ≈ 0.1 (i. e., 30 % of the average molar fraction) for a temperature difference of 100 K in the conditions simulated in Figure 1 . This is consistent with eq. (23), as S T = O (1), leading to Δϕ/ϕ ≈ S T ΔT/T = O (ΔT/T), which indicates that the temperature dependence of the molar flow rate contributes a few percent to its total value. Thus, CR1 implicitly introduce a significant cross-effect even in the absence of any explicit coupling through Onsager reciprocity coefficients (i. e., L ϕq = L qϕ = 0). More specifically, an undesired Soret diffusion term is implicitly rooted in the CR1 formulation, giving rise to relevant concentration gradients for no mass flux conditions, or equivalently to non-negligible mass flux for a uniform concentration condition, under a temperature gradient. Notably, this does not question the validity of CR1 or their suitability to describe real mixtures; nonetheless, this points out a drawback of the CR1 formulation for describing in an easy and practical way mass and thermal diffusion.
Constitutive relations 2
Assume now the following constitutive relations (CR2), obtained from eq. (12) in the absence of coupling terms (i. e., L ὔὔ ϕq = L ὔὔ qϕ = 0):
Comparing eq. (25) with eq. (12) we see that
It is important to note that, unlike the previous set of constitutive equations (CR1), the CR2 formulation considers the gradient of chemical potential difference at constant temperature (i. e., [∇μ 12 ] T ) as the primary driving force for mass diffusion. Again, coupling terms are set to zero (L ὔὔ ϕq = L ὔὔ qϕ = 0) to exclude any explicit cross-coupling effects.
In the absence of any external field, i. e., when ψ 12 = 0, and considering eqs. (15) and (19), we obtain
where the coefficient k ϕ is
Therefore, the constitutive relations CR2 in eq. (12), which consider the gradient [∇μ 12 ] T as the driving force for mass diffusion, predict that, even in the absence of coupling terms (i. e., L ὔὔ ϕq = L ὔὔ qϕ = 0), a concentration gradient applied to an otherwise uniform regular binary mixture induces a heat flux. This so-called Dufour effect [8] can be described by the following non-dimensional coefficient D ὔ ϕ :
where c is the specific heat (eq. (16)), while N Le = k/ (ρcD 0 ) is the Lewis number, representing the ratio between heat and material diffusivities. According to eq. (27b), the CR2 formulation indicates that at steady state and with no material flux (i. e., J ϕ = 0) the concentration field is uniform throughout the system even under a temperature gradient, as desired and as shown in Figure 1 (dashed line) . According to eq. (29), for ideal mixtures, when Ψ = 0, CR2 predict that there is no Dufour effect, i. e., D ὔ ϕ = 0, as it must be. The same result is obtained when ϕ = 1/2. In the dilute limit, when ϕ → 0, we find k ϕ = ρD 0 RΨ, predicting that, in isothermal conditions, heat diffuses from regions of high to low molar fraction for Ψ > 0. Nevertheless, such a Dufour effect is expected to be extremely small. Numerically, we have D ϕ = O 10 −5 , so that ΔT/T ≈ D ϕ Δϕ/ϕ = O 10 −5 , which indicates that in most cases the mole fraction dependence of the heat flux can be neglected. This is also confirmed by numerical simulations (not shown) for the same conditions investigated in Figure 1 : by imposing a molar fraction gradient up to Δϕ = 0.2 to a regular binary mixture confined between thermally insulating walls, no significant temperature gradient is established by adopting CR2, being the computed temperature uniform throughout the slab. This means that CR2 practically ensure no implicit cross-thermo-mass diffusion effects in incompressible regular binary mixtures, unless explicitly introduced via non-zero Onsager cross-coupling coefficients L ὔὔ ϕq = L ὔὔ qϕ . In this regard, CR2 differ from CR1, which implicitly introduce a non-negligible Soret thermal diffusivity even for L ϕq = L qϕ = 0, as shown in Section 5. Thus, CR2 appear to be a more practical formulation for modeling mass and thermal diffusion. A generalization of CR2 to take into account non-local forces (i. e., ψ 12 ̸ = 0) is reported in the appendix.
Constitutive relations: a counterexample
It is now important to stress that, although some constitutive equations may satisfy all the requirements of non-equilibrium thermodynamics, their predictions may be unphysical. While CR1 and CR2 satisfy the principles of non-equilibrium thermodynamics and provide physically consistent predictions, had we assumed the constitutive relations in eq. (7), with ψ 12 = 0, L ὔ ϕϕ = ρD (ϕ, T) /R, L ὔ= k (ϕ, T) T 2 , and in the absence of coupling terms, i. e., with L ὔ ϕq = L ὔ qϕ = 0, we would have obtained the following constitutive equations:
Note that eq. (30) differs from eq. (17) of CR1 because in eq. (30) the driving force of mass flux is ∇μ 12 , while in eq. (17) of CR1, it is ∇ (μ 12 /T). Despite there is apparently a minor difference, such a subtle detail gives rise to surprising predictions.
In particular, by starting from the constitutive relation eq. (30) and by introducing the relationships between chemical potential difference and molar fraction as reported in Section 4, the mass diffusion flux can be recast in the form given by eq. (21) by defining a mass diffusivity D ὔ and a thermal diffusivity D ὔ T , which result in the following:
So, we obtain the same mass diffusivity D ὔ as when using CR1, but with a different thermal diffusion term (compare eq. (31) with eq. (22)). However, we see that such a thermal diffusion term D ὔ T in eq. (31) has some peculiar and undesired characteristics: (i) it remains unchanged also in the ideal limit (i. e., for Ψ = 0), when instead it should vanish, and (ii) it diverges in the dilute limit (i. e., for ϕ → 0 and ϕ → 1). Thus, we may conclude that the constitutive relations eq. (30) are unphysical, despite being consistent with the rules of non-equilibrium thermodynamics. Consequently, if we adopt the constitutive relations in eq. (7), we must necessarily include the coupling terms L ὔ ϕq = L ὔ qϕ to balance (if ever possible) the peculiar and divergent predictions of the implicit thermal diffusivity in eq. (31).
Conclusions
Transport of heat and of mass in binary mixtures is generally coupled. Consequently, we may define a Soret effect where a material flux is induced by a temperature gradient, and a Dufour effect where a heat flux is induced by the gradient of the molar fraction. These effects are well described within the framework of nonequilibrium thermodynamics by the coupling terms appearing within the constitutive relations that satisfy Onsager reciprocity relations. In this work, we went one step further, showing that Soret and Dufour effects can also be implicitly predicted by adopting one or the other of the several constitutive relations satisfying the principles of non-equilibrium thermodynamics, even in the absence of coupling terms. Although we cannot comment on which formulation is generally more accurate, in the case of incompressible regular binary mixtures we show that a more practical description of mass and thermal diffusion is achieved by adopting the constitutive relations named CR2, featuring a mass flux whose primary diving force is the gradient of chemical potential difference at constant temperature and a heat flux whose main driving force is the temperature gradient. Indeed, in the absence of coupling terms, CR2 ensure that the thermo-diffusion effect is strictly absent and the Dufour effect is negligibly small. Thus, CR2 do not embed any implicit cross-mass-thermal diffusion, so that Soret and Dufour effects can be taken into account by explicitly introducing Onsager cross-coupling coefficients.
Appendix A. Generalization to non-local forces
In eqs. (3), (4), (6), (7) , (11) , and (12), ψ 12 represents the difference between the potential of any conservative force field acting on the two species (see eq. (2)). A particularly important example is the Korteweg force, which can be derived assuming that the generalized free energy g ὔ depends also on the gradients of the molar fraction, ϕ, that is, g ὔ (ϕ, ∇ϕ, T) = g (ϕ, T) + g nl (∇ϕ, T). Here, g is the thermodynamic free energy (eq. (14a)), while g nl is its so-called non-local component. Expressing g nl in terms of a power series of ∇ϕ and assuming that the mixture is locally isotropic, we find at leading order g nl = 1 2 RTa 2 (∇ϕ) 2 , where a is a characteristic length [15] . It must be clear that this non-local term is relevant only in regions where ∇ϕ is very large, that is, when the mixture is separated in two coexisting phases, so that there is an interphase region, where the molar fraction ϕ changes rapidly. Macroscopically, the two coexisting phases are separated by a sharp interfacial surface which, at equilibrium, is characterized by a surface tension, expressing the energy stored per unit interfacial area [15, 26] . Therefore, imposing that at equilibrium the line integral of g nl across the interfacial region equals the surface tension σ, we see that the characteristic length a is proportional to the surface tension, i. e., a ≈ σ/ (ρRT). Now, we define a generalized chemical potential difference μ ὔ 12 , μ ὔ 12 = δg ὔ δϕ = g ϕ − ∇ ⋅ g nl ∇ϕ = μ 12 + μ nl 12 ; μ nl 12 = −RTa 2 ∇ 2 ϕ, (A.1)
where μ 12 is the thermodynamic chemical potential difference in eq. (14b), while μ nl 12 is its non-local component. In the same way, we obtain the so-called Korteweg force F ὔ , i. e., a generalized body force (per unit mole) that can be obtained formally as F ὔ = δg ὔ δr = μ ὔ 12 ∇ϕ = ∇p ὔ − ϕ∇μ nl 12 ,
with p ὔ = g + ϕμ nl 12 . Here the first term is the gradient of a scalar which, as in eq. (2), can be reabsorbed into the pressure term and therefore in our case it has no effect, while the second term can be interpreted as the conservative force of eqs. (2) and (3), where the potential difference ψ 12 is equal to μ nl 12 . Therefore, F ὔ = −ϕ∇ψ 12 ; ψ 12 = μ nl 12 = −RTa 2 ∇ 2 ϕ.
For regular mixtures, assuming that, as for van der Waals fluids, μ nl 12 does not depend on T, we find that a =â T c /T, whereâ is a constant characteristic length, so that ψ 12 = −RT câ 2 ∇ 2 ϕ [15] .
These non-local effects contribute an additional non-local term in the material flux and in the heat source term of eq. (1). In fact, adopting either CR1 in eq. (17) or CR2 in eq. (25) we find the same result, namely, Comprehensive discussions about these assumptions can be found in Lamorgese et al. [15, 26] .
Adopting CR2 (eq. (25)), we saw that, in the absence of coupling terms, the thermo-diffusion effect is strictly absent and the Dufour effect is negligibly small. Accordingly, adding the coupling terms to CR2 as in eq. (12), eq. (25) we obtain
